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Abstract 

In this paper we give a construction of Fedosov quantization incorporating the odd variables 
and an analogous formula to Getzler's pseudodifferential calculus composition formula is ob- 
tained. A Fedosov type connection is constructed on the bundle of Weyl tensor Clifford algebras 
over the cotangent bundle of a Riemannian manifold. The quantum algebra associated with this 
connection is used to define a deformation of the exterior algebra of Riemannian manifolds. 
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1. Introduction 

Getzler in 0]] introduced a pseudodifferential calculus of symbols on supermanifolds which 
simplifies the calculation of the top order symbol of the square of the Dirac operator in the proof 
of the Atiyah-Singer theorem on a spin manifold. For this construction, supersymmetric ideas 
from quantum field theory lead to the use of Clifford variables and a suitable filtration for the 
space of pseudodifferential symbols. These ideas combined with more classical work of Widom 
Q2D yielded a composition formula of symbols 



p o q( x. = cxp jL|| /H.v. ifi A q(\. //) 



+ •••■ (1) 

y=x,r]=Z 



This remarkable formula not only provided a short proof of the Atiyah-Singer index theorem, but 
is of great interest from the point of view of deformation theory given its distinctive geometric 
features such as the appearance of the curvarture operator R (d/d£, d/drj). 

On the other hand, deformation quantization emerged with the goal of understanding as much 
as possible of quantum mechanics in terms of deformed algebra structures. The seminal paper 
J^t] considers the question of defining local associative deformations (star products) 

p + q = pq + (h/2){p, q] + H 2 B 2 (p, ?) + ••■ (2) 

of the algebra of smooth complex-valued functions on a symplectic manifold (M, cS), where the 
first order term corresponds to the Poisson bracket associated to at. Fedosov in [4] provided a 



Email address: mesaScolorado . edu (Camilo Mesa) 
1 Department of Mathematics, University of Colorado at Boulder 
Preprint submitted to Journal of Geometry and Physics November 9, 2012 



canonical construction of star products associated with any symplectic connection on a symplec- 
tic manifold. Moreover a classification of these deformations was established via a one-to-one 
correspondence with formal power series Q = Q.o+hQ.\ H — of cohomology classes £2, € H 2 (M), 
where Qo is the class of the symplectic form. The product given by composition of symbols in 
the usual pseudodifferential calculus on the cotangent bundle of a Riemannian manifold is an im- 
portant example of a star product. From this observation, Fedosov and Nest and Tsygan [6] 
proposed analogues of the Atiyah-Singer index theorem for the deformation quantization algebra 
of a given symplectic manifold. 

Given the common motivation for formulas of the type ([D and ©, the goal of this paper is 
to construct a general local theory of deformations by Getzler. Having as a proper framework 
a polarized symplectic manifold, we pursue this goal by means of a Fedosov type description 
in the particular case of the cotangent bundle of a given Riemannian manifold. The main idea 
is to incorporate the Clifford algebra in Fedosov 's construction to obtain a a deformation of 
the algebra of formal power series in h with differential forms on a Riemannian manifold X as 
coefficients. 

The content and organization of the following sections is as follows. In section 2 we present 
the basic algebraic machinery of the construction by defining the Weyl and Clifford algebra bun- 
dles. We prove the existence of an Abelian connection on the Weyl tensor Clifford algebra bundle 
in section 3. Sections of the Weyl tensor Clifford algebra bundle which are flat with respect to 
this connection form a subalgebra. In section 4, Theorem l4.1l stablishes a one-to-one correspon- 
dence between this subalgebra and sections of A(X)[[7i]]. Finally, using this correspondence we 
define a deformation ( |3TT > which is analogous to Getzler composition formula. 

Finally I would like to express my sincerest gratitude to my advisor, Professor Alexander 
Gorokhovsky, who proposed the topic and supported me throughout this research with patience, 
and Professor Arlan Ramsay for many useful discussions and corrections. 



2. The Weyl and Clifford algebra bundles 



We outline the constructions of the Weyl and Clifford algebras. For proofs we refer the 
reader to J5t] and J3]. The following summary develops in the context of a general symplectic 
structure (resp. Riemannian structure) for the Weyl algebra (resp. Clifford algebra). For our 
construction however, the base space for the Weyl algebra bundle will be the cotangent bundle 
of a Riemannian manifold with standard symplectic structure. 

Let h be a formal parameter. The Weyl algebra is the C[[?i]]-algebra 



(3) 



of formal power series in x', f ', and h with associative product given by the Moyal rule 



/ o g = exp 



ih / d d d d 
~2 j-f\dx~ i 'dtf 'd§~df} / 



f{x, |, h) g(y, f), h) 



(4) 



y=%, f)=f 



Note that W is generated by x' , |' and h with relations x' o gi - o %' = ih& t j. Setting the degrees 
of the generators as: |x'|, ||'| = 1, = 2, we obtain Z-filtration of W. 

The symplectic group Sp 2n of linear transformations preserving the standard symplectic form 
cj — Yj dx' A di;' on R 2 " acts on W by automorphisms. To describe the corresponding action of 
the Lie algebra sp 2 „ on W it is convenient to use a reordering y', i = 1, . . . ,2n, of the usual 
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coordinates (jc',£') e R 2 " obtained by setting y 2 ' 1 = x',y 2 ' = i;' for i = l,...,n. In these 
coordinates the symplectic form a> is written as 

to = i ^i d y l A d y J - ( 5 ) 

Recall that sp 2 „ consists of matrices S - s'j such that cry = w^s* is symmetric. Each S e sp 2n , 
induces an inner derivation defined as S (f) = [S, /], for f € W, where 

Thus we think of sp 2 „ ^ W as the Lie algebra of homogeneous quadratic polynomials in W. 
Moreover the kernel of the map / h-» (l/h)[f, ■] (Moyal product bracket) from W onto the Lie 
algebra of derivations of W is C[[K, h ]]. Therefore 

g = ^w/CUKh- 1 ]] (7) 

is isomorphic to the Lie algebra of derivations of W. 

Now we define the bundle of Weyl algebras on a symplectic manifold (M, a>) of dimension 
2n. Symplectic frames form a principal bundle Sp(M) — > M with structure group Sp 2 „. The 
Weyl algebra bundle over M is an associated bundle to the symplectic frame bundle, 

W = Sp(M) x Sp2 „ W. (8) 

If we trivialize Fs p (M) over M, Fs p (M) — > M X Sp 2n , we see that locally, *W is identified with 
M xW. Locally we write sections of "W as 

2 n k a k , a f (9) 

\a\,k>0 

where a e N?" is a multi-index, a^q, are smooth functions on M, y a = (y 1 )" 1 ■ ■ ■iy 2 ")" 1 ", and 
y 2 '- 1 = x', y 2 ' = 1 < i < n. The filtration of W induces a filtration on <W 

<W ... d <iv° dTV 1 d^ 2 d ••• , (10) 

where *W j = {Eat+wy ft k ak,af}- 

Now we define the Clifford algebra bundle over a Riemannian manifold X. The facts in the 
following summary can be found in |Ql and J3l with the exception that the deformation parameter 
h is introduced as part of the definition of the Clifford algebra. If V is a real or complex vector 
space of dimension n with inner product (•, •), then the Clifford algebra, denoted by Cl^(y), is 
the algebra generated by V with relations 

vu + uv — — 2h(v, u). (11) 

One can also think of Clft(V) as the quotient of the tensor algebra T(V) = (J) >0 V ® ■ • ■ (8 V by 
the two-sided ideal I generated by all elements of the form v ® v + fo||v|| 2 for v eV. There is an 
increasing filtration C1r(V) = U^Cl^(V) induced by the order gradation from the tensor algebra. 
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An element v e Cl^(V) is of order k if there is u e ©*>i V <8> • • • <8> V such that v = [«]. We define 
the order of h e Clfr(V) to be 2. If we reduce modulo 2 the Z-grading of T(V) we see that T(V) 
is a superalgebra. Since the ideal I is generated by even elements, the Clifford algebra is itself a 
superalgebra Cl fi (V) = Cl£(V) © C1 R (V). 

The space j- Cl|(V) forms a Lie algebra with Clifford product bracket and its adjoint action 
on V yields the following result. 

Lemma 2.1. The adjoint action r of the Lie algebra 

spi%(V) := I Cl 2 ft (V) 
on V induces a Lie algebra isomorphism between spi%(V) and S0(V). 

Proof. Let e\, . . . , e n be an orthonormal basis for the vector space V. We start by showing that 
[a, v] e V for all a e spi%( V) and v € Cl^(V) = V. It is enough to check the following two 
cases. First assume a = ^<?;<?j and v = with ;', y, all different. Then 

[a,v] = ^(etejek -e k eiej) 



h 

= 0. 



The second case is a = ^e,-e; and v = e,. In this case we have 

[a,v] = ^(etejei - e,e,e,) 
— — (— e^iC j — e^e^e f) 

Also note that r[a, £>] = [r(a), t(£>)] so it follows that t defines a Lie algebra homomorphism from 
spi%(V) into g((V). Moreover, r actually maps into so(V) since by the Jacobi identity 

(t(o)v, it) + <v, T(a)u) = -^r[[a,v],u]- ^r[v,[a,u]] 

2n In 

= ~[«.[v.«]] 
= 0. 

Since t is injective, it is an isomorphism since so(V) and spi%(V) are both of dimension n(n - 
l)/2. ' □ 

Working with an oriented orthonormal basis e\,...,e n of V one shows that given A e so(V) its 
corresponding element under r is 

t _1 (A) = ^ J]<A ei , E spi%(V). (12) 



The exterior algebra AV is a module over the Clifford algebra C\n(V). Given v e V its action 
Cft(v) on AV is 

cn(v)a = h(e(v)a - i(v)a), (13) 

where e and i denote the exterior and interior derivations in AV. This action respects the relation 
in the definition of the Clifford algebra since for v, u e V and a € AV we have 

(cfr(vu) + cn(uv))a = h(e(v)e(u) - i{v)e(u) - e(v)i(u) + i(v)i(u) (14) 

+ e(u)e(v) - i(u)e(v) - e(u)i(v) + l(u)l(v)) a (15) 

= -h(i(v)e(u) + e(v)i(u) + i(u)e(v) + e(u)i(v))a (16) 

= -2h(v,u)a. (17) 

Here we used the relation e(v)i(u) + i(u)e(v) = (v, u) on AV. The symbol map 

a h : Cl h (V) — > AV (18) 

given by <t s (v) = cn(v) 1 is an isomorphism of vector spaces, where 1 denotes the identity in AV. 
Note that if e\ , . . . , e n is an orthonormal basis of V then cr^e,-, e,- 2 • • • e ik ) = h k e i{ A e,- 2 A • • • A e ik . 
On the other hand, the quantization map 

6h '■ AV -> C\ h {V) (19) 

is rescaled as follows 6% (e,, A e,- 2 A • • • A e, t ) = h^e^e^ ■ ■ ■ e- lk . 

If X is a Riemannian manifold of dimension n, the Clifford bundle Cl/j over X is an associated 
bundle to the orthonormal frame bundle O(X), 

Cl h = 0(X) x 0( „) Cl h (R n ). (20) 

Hence Cl^ is the bundle of algebras over X whose fiber at x e X is the Clifford algebra C\n(T* x X) 
of the inner product space T*X. 



3. An Abelian connection on the Weyl algebra with fermionic variables 

In order to relate the geometry of the given Riemannian manifold X, fermionic variables 
corresponding to the exterior algebra AT*X at each x are combined with the Weyl algebra. We 
prove that the Weyl tensor Clifford algebra bundle over the cotangent bundle of X has a canonical 
connection which can be flattened using Fedosov recursive method. 

Let X be a Riemannian manifold of dimension n. Consider the cotangent bundle n : M - 
T*X — > X with canonical symplectic form oj. Let 'W be the Weyl algebra bundle on M and use 
the trivial Z 2 -grading, r U /+ = 'W and OV" = 0. Pull back the bundles AT*X and Ch to M via n 
and denote them as A = n*(AT*X), C = 7r*(Cl/0. Now consider the bundle 

0V® c »(M)C-+ M. (21) 

Note that 'W <g> C forms an associative algebra bundle with respect to the Moyal-Clifford product 
and has a Z-filtration inherited from 'W and C: 

CW ® C) p = W ® C J '. (22) 
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A natural parity is induced on this bundle, (IV ® C) + = 'W ®C + and {"W ® C)~ = 'W ®C~. 
Differential forms J{'(M,'W ® C) with values in "W <g> C also form a superalgebra with the 
usual parity convention. Henceforth, the bracket [•, •] on this algebra is to be understood as a 
supercommutator. 

Sections of this bundle are locally of the form a(h,y,e) = Ti\ a \,\p\,k>ofo ka k,afiy ae i3> where a e 
Nq" and y6 e Ng are multi-indices. Note that the Clifford symbol map lifts to a vector bundle 
isomorphism cru : Y(M,C) — > F(M, A). Also, since f W is unitary, we have an embedding 
h : T(M, A) T(M, <W ® C). 

From J20i . we see that Cln inherits a connection, the Levi-Civita connection V cl which re- 
spects the Clifford product, V c Hab) = (W a a)b + a(V a b) for a, b e T(X, Cl h ). We pull back this 
connection to C via n, and use (fT2T > to write it locally in an orthonormal frame as 

V c = d+±j\T k ij e ] e k djA (23) 

where r*. are the Christoffel symbols of the Levi-Civita connection and e, correspond to a local 
orthonormal coframe on X. 

On the tangent bundle of the symplectic manifold M = T*X, consider a symplectic connec- 
tion V. This connection is not unique or canonical but it has some desired properties such as its 
compatibility with the Moyal product. Note that from (0, this connection will induce a connec- 
tion on 'W such that V(a o b) — (Va) o b + a o (Vb) for a, b e T{M, < W). For our construction 
however, there is a specific symplectic connection on the tangent bundle of M obtained from the 
original Riemannian manifold X data. There is a one-to-one correspondence between connec- 
tions on TM that are torsion free and connections preserving the symplectic form, see fl9[| - The 
Levi-Civita connection on X induces a torsion free connection on TM, and its associated sym- 
plectic connection on TM via this correspondence will be denoted by V. In the corresponding 
Darboux coordinates (x l , on M, one uses (JSJ to locally write the connection on 'W induced by 
V as 

V = d+^\T jki ?fd(x,Z) i ,-] (24) 

where Tja - cjjiTi. are the Christoffel symbols of the symplectic connection V and d(x, £)' = 
dx 1 +d% 1 + ■ ■ ■ + dx" + dg 1 . 

The Koszul complex of 'W is acyclic, see ||4J] and its differential 6 can be extended as 5 : 
3K'(M, ("W ® Q.) -» JT +1 (M, CW <g> C)._i) since C is unitary. This operator will be written 
locally as 

1 d 

8=- [cJijfdix, ■] = d(x, & —.. (25) 

Consider also the operator 5' 1 : M'(M, ("W <g> C).) -» M" 1 (M, {<W ® C).+i) defined as 



where fl( + + - + + direct check shows that the homotopy relation 

tfcT 1 + 6- l 6 = (p + r)Id 

holds on monomials of the form y a epdx y e J\'\M, 'W ' p <8> C) where a, [3, y are multi-indices. It 
follows that the complex (tt'(M, CW <8> C).), 5) is also acyclic. 
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Now we show how to construct a (g ® C)-valued connection D on the bundle "W <g> C — » M 
which has central curvature. Such connection 

D : r(M,W®C) -» MHm,<W®C) 

is of the form 

D = V <g> 1 + 1 ® V c + [r, •] 

where r = r_i + ro + r\ + r2 H 6 ^(M, q ® C), r_j = htOijy'd{x,^y induces the derivation 

described in d25l l. ro = 0, and for k > 1 are constructed so that D 2 e -?l(M)[[/i]] is central. We 
show how to find r so that D 2 a = for any section a e T(M, {"W ® C) p ) and any integer p. Read 
the equation 

D 2 = V 2 - [6, r] + [V, r] + V c2 + [v c , r] + r 2 = (27) 

in each degree and use the acyclicity of the complex (JM'(M, (*W ® C).), 5) to solve recursively 
for the operators as follows. 

• Degree p - 2. S 2 = 0. 

• Degree p — 1. [£, V] + [5, V c ] = 0. The first term is known to be equal to zero from 0]. 
The second term is equal to zero as well since Weyl and Clifford variables commute. 

• Degree p. -[6, n] + V 2 + V° 2 = 0. Since [6, V 2 ] = [6, V]V + V[£ V], and each of these 
terms are equal to zero, we have [6, V 2 ] = . Also [6, V c2 ] = since V c2 contains no 
Weyl variables. Therefore [6, V 2 + V c2 ] = as needed. A local expression for r\ can be 
computed using the homotopy d~ l , 

n = cT'cv 2 + v c2 ) 

= -^Rjw{sWd(x,{) 1 -y l y'y k d{x,ty) 

= -^RjkuyWdix^) 1 + J^.R k jU f- l eje k dx l . 

Here we used symmetry relations of the curvature tensor of the symplectic and the Levi- 
Civita connections. 

• Degree p + 1. -[5, rq\ + [V, r\\ + [V c ,n] = 0. Using the Jacobi identity and substituing 
recursively, we see that [6, [V + V c ,n]] = [[6, V + V c ], r{[ +(-l) |5||v+vC| [V + V c , [6, n]] = 0. 
Hence ri exists and a local expression for it is obtained from ri = £~'([V + V c , r\]). 

In general, the procedure can be carried out in each degree if the non-homogeneous local 
section 

p = V 2 + V c2 + [V, r] + [V c , r] + r 2 
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is in the kernel of 6. Using the Bianchi identity and substituing recursively this can be verified as 
follows 

[6,p] = [8, V 2 + V c2 ] + [6, [V + V c , r]] + [6, r 2 ] 

= + [[6, V + V c ], r] + (-l)l v+vC "*l[V + V c , [S, r]] + [[5, r], r] 
= -[V + V c ,[5,r]]-[r,[5,r]] 
= -[V + V c ,p]-[r,p] 

= -[V 2 + V c2 , r] - [V + V c , r 2 ] - [r, V 2 + V c2 ] - [r, [V + V c , r]] - [r, r 2 ] 
= -[V 2 + V c2 , r] - [[V + V c , r], r] + [V 2 + V c2 , r] + [[V + V c , r], r] 
= 0. 

Theorem 3.1. Given 

Q fi = co + hu x + h 2 u 2 + • ■ • s y[ 2 (M, C)[[ft]] 

.smc/i that da>i — 0, where too — a> is the canonical symplectic form on M, there exists a l-form 
r — r_i + ro + n + ■ • ■ w/f/i values in r W ® C where 

r k : T(M, (<W ® C) p ) -> ^I 1 (M, (IV ® C) p+i ) 

5mc/i f/zaf the connection 

D = V <g> 1 + 1 ® V c + [r, •] 

/zas curvature D 2 = Q?j. 

4. Flat sections and deformation 

There is a one-to-one correspondence between formal power series in H with coefficients in 
A* and flat sections of the connection D from Theorem l3.ll Here the subalgebra of flat sections, 
sometimes refered to as the quantum algebra, plays the role of the pseudodifferential operator 
algebra, while the exterior algebra plays the role of the symbol space. 

The projection of 'W onto its center cr : F(M, r W) -» C°°{M)[[h]\ can be extended to 
T(M, 'W <8> C) simply by putting & — cr ® Id. Notice that this extension now takes values in 
T(M, C). The composition of this map with the Clifford symbol map cr ri gives a symbol map 

S = cr fi o-:nV®C^ A[[H]] 

The quantization map 

: A[[H]] -> ker(D) 

is constructed by extending any given section of A[[?i]] to a flat section of D. Let a = Oq + 
ha\ + H 2 a2 + ■ ■ ■ be a section of the bundle A[[fi]]. Quantize a using 6^ and then extend 9ri{a) e 
T(M, (<W ® C).) to a flat section 

0(a) =A=A.+ A.+i + A.+2 + ■■■ 

of the bundle ^W®C where A. = ft (a) and A. +k e T(M, (*W8iC).+i). The terms A. +k in the 
expansion of A are constructed using a recursive procedure as in yj . 
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Example We show how to construct the first terms in the extension of a 1-form. Let a = 
a{x,£)dx s be a section of A 1 [[h]]. First, note that A_i = Onia) = ha{x,^)e s is not in the center of 
"W ® C. The flatness equation DA — is written in each degree of the filtration of *W ® C. This 
yields equations for each term A* which again can be solved using the acyclicity of the complex 
G?l , (M,'W®0,<J). 

• Degree -I: (V®l)A_i +(l®V c )A_i -SA = 0. As before, if (V®l)A_i +(l®V c )A_i is in the 
kernel of 5, then Ao exists and can be solved for using the homotopy 6~ l . But this is clear 
since since (V ® l)A_i and (1 ® V c )A_i do not contain Weyl variables. The computation 
for A in local coordinates shows that A 6 T(M, Wo ® Co) = T(M, ("W ® C)o). 

• Degree 0: (V ® 1)A + (1 ® V C )A + [ri,A_i] - 5A\ = can be solved for Ai if 

<5((V® 1)A + (1 ® V C )A + [r u A-i]) = 0. (28) 

We use Jacobi's identity to check ( 1281 . First note that 

(5((V ® 1)A ) = [[S, V], A ] + (-1) |5||V| [V, [S, A ]] 
= 0-[V, [S,A ]] 
= -[V,VA_i + V C A_!] 
= -[V, [V C ,A_!]]. 

Now we look at the second term in (l28l i: 

® V C )A ) = [[5, V C ],A ]] + (-1) |5||VC| [V C , [S,Ao]] 
= 0-[V c ,[5,A ]] 
= -[V C ,VA_! + V C A_!] 
= -[V c ,[V,A_ 1 ]]-[V c ,[V c ,A_ 1 ]] 

= [V, [V^A-!]]-^) 2 ^-!]. 

Finally the third term in (l28l > yields 

tf([ri,A_i]) = [[5, n], A-i] + (-l) ww [ri, WA_i]] 
= [V 2 + V c2 ,A_j] +0 
= + [(V c ) 2 ,A_j]. 

Equation (TZST l is verified after adding these terms. 
Theorem 4.1. Given a section 

a — flo + ha\ + h 2 ci2 + ■ ■ ■ (29) 

of the bundle A[[fo]] f/zere ex/sfs a unique section 0(a) = A € ker(D) smc/i f/zaf S(A) = a. 

Proof. It is enough to prove the statement for a local section a = a a (x, t;)dx a e F(M, A r ) of the 
type (|29l with ai = a 2 = • ■ • = 0, where (x, f) are local cotangent coordinates, a = (/[,... , / r ) is a 

9 



multi-index. We argue by induction. Suppose we can extend A up the rc-th term A s +A s+ \ H \-A„, 

where A s = O^ia) - jra a e a and s — r — 2' . Note that the flatness condition DA — in degree j is 



7-1 



(V ® l)Aj + (1 ® V c )Aj + A^J - 6A j+l = 0. 



(30) 



*=1 



Hence, to prove that the term A„+\ exists, we verify that 



t n = (V ® 1)A„ + (1 ® V C )A„ + Y} r ^ A "-k\ 



is in the kernel of 6. To simplify the computation we introduce the following notation 

V + V c , k= 0, 

(D + d)* = < ' 



'"2. 



Jt = 1, 

it = 2, 



Denote the homogeneous part of degree A; of D 2 by Q^. From (l27b we see that [5, r^] = Q^. Use 
equation (f30b for < /' < n + 1 and the Jacobi identity to obtain 



[5, <t>n\ = -[V + V c , [S,A„]] + Yj[S, [r k ,A n . k ]] 

k=l 
n-1 

= _ [V + V C , [8,An\] + Y}^ r ^ A n-k\ ~ In, [S,An-k]] 
k=\ 

n—1 n—1 

= -£[(/> + S) k , (D + $)An-k-i] + YfiS, r k lA n - k ] 



k=0 
n-1 



k=\ 



n-1 



= - ^ j [€i k ,A n - k -i] + ^ j [[S,r k ],A n . k ] 



k=0 



k=l 



□ 

Now we use the previous results to define star product of sections of A[[fi,]]. By this we mean 
a R((fi,))-bilinear associative multiplication law 



* : A[[ft]] ® R((fi) ) A[ffl\ -» A[[ft]] 



(31) 



which we write as p -k q = p A q + 7y3i(p, q) + ffifyip, q) + • • • , for p,q € Y(M, A[[K\\), where 
each Pi is bilinear. Using the Moyal-Clifford product o on 'W ® C we define 



p*?:=Z(®(p)o0( 9 )). 
10 



(32) 



Example The flat section P = Pi + P 2 + P3 h , associated to p = p(x, £)dx r e T(M, A 1 ) where 

r € {1, ...,«} is fixed, is given by 

P = \pe r + \{d iP fe r + P T k ir y 2i - l e k ) + L {dldip ff er + dApfltyf ~ l e k + {d mP t^ l fe r 
+ {dipKf-'fet + pt?F k ir y l f- l e k + ±^ p R k u f-^e k ) + ■■■. 

Suppose q = q(x,g)dx s e F(M, A 1 ) and Q is its associated flat section. Fix a point x e X and 
let (x 1 , . . . , x") be a normal coordinate system at x. Using the fact that the Christoffel symbols of 
the Levi-Civita connection are zero at x we have 



p * q\ x = HP o Q) 



1 / d 2 p d z q \ 

-pa dx r dx s H — q - p —r-— R-lu + higher order 

40 \dgd? dgd? ) rh 



terms 



Note that these first two terms correspond to the leading symbol of p ★ q obtained by setting 

h = o. 
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